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Polarographic Diffusion Current Observed with Square Wave Voltage. II.
Basic Theory for a Reversible Electrode

By Tomihito KAMBARA

(Received February 26, 1954)

In the preceding paper? the diffusion cur-
rent, observed when the voltage applied to
a reversible electrode is suddenly changed,
is discussed theoretically. The theory is so
easily to be extended that the electrolysis
with a square wave voltage as shown in Fig.
1(a) can be elucidated as follows.

Our problem is now to solve the differential
equation :

oC/at=D - o°C/ox ey
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Fig. 1. Changes of electrode potential and
interfacial concentration of depolarizer.

with the proper conditions which hold when
the square wave voltage E(f) of the period
2T shown by
E, (0<#<T)
E@)={g B, (T<12), @
E(t)= E(z+2T)

is applied. Since the concentration of de-
polarizer shows everywhere the constant
value *C before the electrolysis, the initial
condition is given by

=0, 0<x<e, C=*C. (3)

Next as for the interfacial concentration, it
is shown in the previous paper that the con-
ception that the concentrations of the oxidized
and reduced forms are at a state of equilib-
rium at the electrode surface leads to a
simplified supposition that each interfacial

1) T. Kambara, This Bulletin, 27, 523 (1954).

concentration shows a constant valué accord-
ing to the applied potential. Thus it is seen
that the boundary condition is given by
x=0, >0,

Cc={IQE=E: anT<tcensT) ) (g
SC(E=E,; Cn+1)T <t<(2n+2)T)
where n is an integer. This relationship is

illustrated in Fig. 1(b).

(1) Solution by Means of the Principle
of Superposition.—Let the function C(x, ?)
be an algebraic sum of the functions C(I),
C(II),++--- , etc.; namely .

C=C(D)+CID)+CIID+CAV)+ -+, (5)
and it is supposed that each function is gov-
erned by Fick’s law of diffusion. As shown

in Part I of this study, the following rela-
tions hold for the function C(I).

=0, 0<x< e, C(I)=*C; \
>0, x=0, C()=3C; |l 6
C()=1C+(*C—1C)-erf—5 77— D‘“ J

Further, as for the function C(II), the follow-
ing relations hold.

t—T<0, 0<x<e, C(II)=0; )
t—T>0, x=0, C(II)=3C—§C‘ i @
(7

C(I)=(3C - 1C)-erfc 3 V'D(c

TJ
When such a calculation is carried out re-
peatedly, next it is found that C(II) is
shown by

t—-2T<0, 0=<x< e, C(IIT)=0;
1—-2T>0, x=0, C(II)=iC—-3C;

C(III)=(iC—3C)-erfc

p 8)
2VD(@—-2T)
Upon generalizing this procedure, it is found

that the concentration of depolarizer C(x, f)
is demonstrated by

C=1C+(*C—-310)-erf5~

2V’Dz

2 1y —3 . 7’:__

+““El( 1)"(C —2C) errc2VD(t—nT) , (9

which holt_is at the time interval given by
nT <t<(n+1)T

That this expression can satisfy the con-
ditions shown by the Egs. (1), (3) and (4), is
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to be easily verified; and it is comprehensible
that the interfacial concentrations are at a
state of equilibrium and that the fluxes of
oxidant and reductant are continuous at the
electrode surface, when the above developed
theoretical treatment is applied both to
oxidant and reductant.

(2) Solution by Means of the Laplace-
Transformation.—Next the above deduced
conclusion will be derived by the aid of the
Laplace-transformation. Upon applying the
Laplace-transformation defined by

C(x, )= p[:’e—w-cu, £)-dt=ulx, p),

the differential equation (1) with the initial
condition shown by Eq. (3) is converted into

Pu—*C)=D-Pu/ox>. (10)
The general solution of this equation is
given by

u=‘C+A-exp\/%x+B-exp{— If;jx) .

Since the relationship #=*C must always
hold for x=-, the integral constant A is
clearly zero. Next the remaining constant
B must be determined. Eq. (4), showing the
boundary condition, can be written in the
form :

x=0, £>0, c=-;—(a’c+aC)

+_; (3C—3C)-M(T, ?), 11)

where the function M(T, #) is the “square
wave” or “meander” function shown in Fig.
2 and is defined as follows.

e 2T ——i
+1
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Fig. 2. Schematic representation of
square wave function shown by Eq.
(12).

_[+1(0<E<T); .
M, 0={ “1 G
M(T, t+2T)=M(T, 1.

Furthermore it can be shown that the func-

(12)
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tion M(T, ¢) has the following transformation.

eM(T, t)=tanh -Pgi (13)
If the interfacial concentration is represented
by

C0, £)=°"C=8" “u,
it is found that

o Bt 20301+ tanh 2L
u=B+*C=iC+1GC -30) (1 ~tanh 2] ]

=3C+(C—-3C)-{1+exp (—pT)}™";
thus the constant B is determined, and it
follows that

u(x, p)="*C+3C-*C) - exp(_\/ %x,l)

+(1C—20)- exp( — J%x) {1+exp( APT)}_EM}

Upon utilizing the expansion:
1
P =1 —pT
1T exp(—pT) 1—exp(—pT)
rexp(—2pT)— ..oty
Eq. (14) can be transformed into

u(x, p)=*C+@@C—-*C) -exp(—\/%x)

+GC—EC)SE(-—1)“-exp(\/-p-x)-exp(—inJ.
n=u .D (1‘_1_&}
In order to execute the inverse transforma-
tion, we can legitimately employ the follow-
ing theorems; i.e.

S—‘exp( -—\/gx)-—-crfcé—v%-t ; \|

and if we have | (15)
Lf(p) = Alb), !
then it is found that :
Lile*r-f(p))=A(t— k). /
It must be noticed here that A(f—k)=0 for
t<k and that A(Zz— %) implies the “ translated
function ”. There is no doubt that by means
of the Egs. (15) the expression for u(x, p)
shown by Eq. (14a) can be inversely trans-
formed into Eq. (9).

Thus the basic expression for the concentra-
tion distribution in the case that a square
wave voltage is applied upon a reversible
electrode is theoretically obtained by means
of the two mathematically different methods.
It follows immediately from the above con-
clusion that the concentration gradient at
the electrode surface is manifested by

(_EC ) = *C-iC
w740

ox = VazDt
L“ ]yl _ic___ic -
VT bt (16)
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Fig. 3. Schematic representation of the
course of instantaneous currents intensity
due to the application of a square wave
voltage. Curve shows the equation
by

& B

== —1 ,
Vit 1( ) Vit—aT

The numerical values employed are as

follows :

W=,

g=1; T=20.

a=3;

The instantaneous current intensity is readily
obtainable from this equation, and in Fig. 3
is illustrated an example of the function given
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by Eq. (16). In our laboratory Dr. Suzuki®
has investigated the electrolysis with square
wave voltage by the aid of a rotating switch
and the electro-magnetic oscillograph, and the
recordings thereof are, in the case of re-
versible electrode reactions, quite in harmony
with the present theoretical consideration.
The validity of the above developed mathe:-
matical treatment will be amply and con-
vincingly shown in the following article, in
which many experimental facts will be
rationally elucidated.

Summary

By means of the principle of superposition
and of the Laplace transformation, the dif-
ferential cquation of diffusion is integrated,
and the result thus obtained gives the fun-
damental theoretical expression for the elec-
trolvsis with a square wave voltage.
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